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Abstract 



We introduce a natural set of asymptotic conditions in the spacelike stretched AdS 
sector of topologically massive gravity. The Poisson bracket algebra of the canonical 
generators is shown to have the form of the semi-direct sum of a u(l) Kac-Moody and 
bi)! a Virasoro algebra, with central charges. Using the Sugawara construction, we prove 

that the asymptotic symmetry coincides with the conformal symmetry, described by 
two independent Virasoro algebras with central charges. The result is in complete 
agreement with the hypothesis made in [7J. 

in 

P : 1 Introduction 

Topologically massive gravity with a cosmological constant A, denoted shortly as TMGa, 
is an extension of three-dimensional general relativity with a cosmological constant (GRa) 
by a gravitational Chern-Simons term pQ. While GRa is a topological theory, TMGa is 
a dynamical theory with one propagating mode, the massive graviton. In the AdS sector 
(with A < 0), TMGa contains a maximally symmetric vacuum solution, known as AdS3, 
and the related BTZ black hole [2], with interesting thermodynamic properties. Thus, 
TMGa seems to be a useful model for exploring dynamical properties of the gravitational 
dynamics. However, the interpretation of TMGa for generic values of the Chern-Simons 
coupling constant suffers from serious difficulties: for the usual sign of the gravitational 
coupling constant, G > 0, massive excitations about AdS3 carry negative energy [T], while 
G < leads to the negative energy of the BTZ black hole [21 H]. 

In order to resolve this inconsistency, Li et. al. [1] introduced the so-called chiral version 
of the theory, defined by a specific relation between the coupling constants, and argued that 
it might lead to a consistent theory at both classical and quantum level [U [5]. Here, we 
follow another idea, related to the fact that TMGa has a rather rich vacuum structure P, [7] . 
Since the AdS sector of TMGa around AdS 3 is not consistent, Anninos et al [7J proposed 
to choose a new vacuum, the so-called spacelike stretched AdS 3 , which could be a stable 
ground state of the theory [8]. This choice reduces the isometry group SL(2, R) x SL(2, R) of 



*Email addresses: mbOphy . bg . ac . yu , cbranislavOphy . bg . ac . yu 



1 



AdS3 to its four parameter subgroup U(l) x SL(2, R). Exploring thermodynamic properties 
of the spacelike stretched black hole, Anninos et al [7j were led to a hypothesis that the 
corresponding boundary dynamics is described by a holographically dual two-dimensional 
conformal field theory (as in the standard AdS3 case) . Recently, an extension of the above 
hypothesis to the dS sector was discussed in [9]. 

As a natural step toward verification of the above hypothesis, Compere et al [TO] (see 
also [11J) investigated asymptotic symmetries in the spacelike stretched AdS3 sector. They 
found a structure isomorphic to the semi-direct sum of the u(l) Kac-Moody algebra and the 
Virasoro algebra, u(1)km ®sd V, with a central extension. The result looks quite natural, 
but the validity of the hypothesis still remains an open issue. 

In this paper, we also examine the correctness of the hypothesis formulated in [7j. Since 
we are convinced that the asymptotic structure of a dynamical system is most clearly seen 
in the canonical formalism, our approach is based on Dirac's constraint Hamiltonian formal- 
ism, in a form applied recently to TM Ga [12] . After formulating a set of natural asymptotic 
conditions that generalize the usual AdS conditions [13], we find that the asymptotic sym- 
metry of the spacelike stretched AdS sector of TMGa is indeed a two-dimensional conformal 
symmetry with central charges, in complete agreement with the hypothesis of [TJ. 

The paper is organized as follows. In section 2 we give a brief overview of the basic 
dynamical features of TMGa in the first-order Lagrangian formalism and discuss the form 
of the spacelike stretched black hole solution. Then, in section 3, we formulate the concept 
of asymptotically warped AdS configuration, derive the asymptotic conditions in the space- 
like stretched sector, and find the form of the corresponding asymptotic parameters. The 
asymptotic commutator algebra is found to be u(1)km ®sd V without central charges. In 
section 4, we study the canonical realization of the asymptotic symmetry by constructing 
the Poisson bracket algebra of the improved canonical generators. It turns out that it has 
the form u(1)km ®sd V with central charges. This algebra is essentially of the same form as 
the one found in [TOl [TTj . In section 5, we derive the main result of this paper: using the 
Sugawara construction [TJ] in the w(1)km sector, we find that the asymptotic symmetry can 
be written in the form of two independent Virasoro algebras with central charges, the values 
of which coincide with those conjectured in [TJ. Section 6 is devoted to concluding remarks, 
while appendices contain some technical details. 

Our conventions are given by the following rules: the Latin indices refer to the local 
Lorentz frame, the Greek indices refer to the coordinate frame; the middle alphabet letters 
(i, j, k, ...;//, v, A, ...) run over 0,1,2, the first letters of the Greek alphabet (a, /3, 7, ...) run 
over 1,2; the metric components in the local Lorentz frame are rjij = (+,—,—); totally 
antisymmetric tensor e lJ and the related tensor density e fiup are both normalized as e 012 = 1. 

2 Spacelike stretched black holes 

Topologically massive gravity with a cosmological constant is formulated as a gravitational 
theory in Riemannian spacetime. Instead of using the standard Riemannian formalism, 
with an action defined in terms of the metric, with find it more convenient to work in the 
first-order formalism, with the triad field and spin connection as fundamental dynamical 
variables. Such an approach can be naturally described in the framework of Poincare gauge 
theory [15] , where basic gravitational variables are the triad field b l and the Lorentz connec- 
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tion A %3 = —A 3i (1-forms), and the corresponding field strengths are the torsion T % and the 
curvature R iJ (2-forms). Using the notation =: —e^^uj and R %: > =: —e % \R k , we have: 
T % = Vb l := db % + e l j k u> j b k and R l = du l + \ e % j k u j u k (the wedge product sign is omitted 
for simplicity). 

The antisymmetry of A l i ensures that the underlying geometric structure corresponds 
to Riemann-Cartan geometry, in which U is an orthonormal coframe, g := rjijb' 1 <g> V is the 
metric of spacetime, uj 1 is the Cartan connection, and T l , R % are the torsion and the Cartan 
curvature, respectively. For Tj = 0, this geometry reduces to Riemannian. 

2.1 Lagrangian and the field equations 

The Lagrangian of TMGa is defined by 

L = 2ab% - ^ e %jk b l Vb k + a^ l L cs (u) + \% , (2.1) 

where a = 1/lQnG, L cs (u) = u l dui + ^eijkOJ l oj^uj k is the Chern-Simons Lagrangian for the 
Lorentz connection, and \ % (1-form) is the Lagrange multiplier that ensures Tj = 0. We 
assume that G > 0, while the values of /i are generic. By construction, TMGa is invariant 
under the local Poincare transformations: 

6 \\ = -e i jk \ i li 9 k -(d f £>')\ i p -?>d p \ i ll . (2.2) 

By varying the action I = J L with respect to b l , uo l and X 1 , one obtains the gravitational 
field equations. Using the third equation Tj = 0, which ensures that uj % is the Riemannian 
(Levi-Civita) connection, the first two equations can be written as 

2aRi - Ae ijk b j b k + 2a^ 1 C i = , (2.3a) 
X m = 2a/i 1 L mn b n , L mn := (Ric) mn — —r] mn R. (2.3b) 

Here, C { := V(L ik b k ) is the Cotton 2- form, {Ric) mn = -e kl m R k [ n and R = -e ijk R ijk . The 
expansion in the basis e k = \s kmn b m b n , given by Ri = G k ii k , Ci = C k ii k , yields the standard 
component form of the first equation: 

aGtj — Arjij + a^ l Cij = , 

where Gij is the Einstein tensor, and C^- = Si mn V m L n j the Cotton tensor. 



2.2 Construction of spacelike stretched black holes 

The spacelike stretched black hole [161 [7] is a particular solution of TMGa with several 
attractive features: it is a discrete quotient of the spacelike stretched AdS 3 vacuum flA.ll) . 
both solutions have the same type of asymptotic behaviour, and the corresponding black 
hole thermodynamics [TUH?] seems to support the hypothesis made in [7j, which "predicts" 
the existence of an asymptotic conformal symmetry in this sector of TMGa- 
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Using the results described in Appendix A, we are now going to construct the spacelike 
stretched black hole in our first-order formalism. After introducing a convenient notation, 



a a£ 
A = -— , v 



I 2 ' 3 

we start from the spacelike stretched AdS3 solution ( 1A.1I) . use the coordinate transformations 
( 1A.3I) and find the form of the spacelike stretched black hole metric in Schwarzschild-like 
coordinates x M = (t,r,ip): 



ds 2 = N 2 dt 2 - B- 2 dr 2 - K 2 (dcp + N v dty 



(2.4) 



where 



N 2 
K 2 



[y 2 + 3)(r — r + )(r — r_) 



AK 2 



AN 2 K 2 



3(z/ 2 - l)r + [v 2 + 3)(r+ + r_) - 4i/^/r+r_(z/ 2 + 3) 



2z/r — ^/r + r_(i/ 2 + 3) 



2if 2 



The metric of the spacelike stretched black hole 02. 4p is defined for v 2 > 1. 

Going over to the first-order formalism, we choose the triad field to have the simple 
diagonal form: 

i 



Ndt 



b 1 



2NK 



dr } b = K(dcp + N v dt) 



(2.5a) 



The connection u l is determined by the condition of vanishing torsion, db l + e.ijkUJ^b k = 0: 



where 



^0 = _ (3b _ l}) 2 

2KN' 



LU 1 = -pb 1 



uj 2 = -ab° + (3b 2 



(2.5b) 



a :- 



(3:-- 



K 2 % 
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2NK' 

i 



In the coordinate basis, we have: 



n Nu , 2NKK' , 
w = — —dt dip , 

2 #JV> K 3 N' 



2N 



Finally, the solution for A m takes the form: 

Ao = 2a/i _1 

X x = 2aiT x {\R%c)i 

\ 2 = 2afi~~ 1 



(Ric) 00 - — )&"+ (ffic)o2^ 



2£ 2 



fo 1 



(m c ) 20 b° + ( (^c) 22 + — ) b 2 



(2.5c) 



where the Ricci tensor (Ric)^ is calculated in Appendix B. Equations f)2.5p define the 
spacelike stretched black hole in the first-order formalism. 



4 



3 Asymptotic conditions 



In this section, we use a natural technique, known from earlier studies of the AdS sector [13J, 
to introduce asymptotic conditions in the sector containing the spacelike stretched AdS3, 
then we analyze the corresponding restrictions on the gauge parameters and calculate the 
form of the commutator algebra. 

3.1 Spacelike stretched AdS asymptotics 

Let us introduce the concept of warped AdS asymptotic behavior, based on the following 
requirements: 

(a) asymptotic configurations should include warped black hole geometries; 

(b) they should be invariant under the action of U(l) x SL(2,R), the isometry group of 
warped AdSs; 

(c) asymptotic symmetries should have well-defined canonical generators. 

Here, we apply this general concept to the case of spacelike stretched AdS asymptotics. 

The requirement (a) means that asymptotic conditions should be chosen so as to include 
the spacelike stretched black hole configuration, defined by (12. 5p . 

In order to realize the requirement (b), we first consider the spacelike stretched black 
hole metric ( 12.4ft . For large r, this metric can be written in the form g^ v = g^ + G^, where 
g^ u is the leading-order term (the black hole vacuum, defined by r_ = r + = 0), 



9i*v 



( 1 VT \ 

e 

° (z/ 2 + 3)r 2 ° 

y z/r |j(z/ 2 - l)r 2 



and G^y represents the sub-leading terms. Let us now act on g^ u with all possible isometries 
of the spacelike warped AdS3, defined by the four Killing vectors £k = (£(2), 6(2), 6(0)), 
displayed in appendix A. The result of this procedure has the form 

o o 2 o 

$Kg»v = | 2 3 O x 

where O n is a quantity that tends to zero as l/r n or faster when r — > oo. In order to have 
a set of asymptotic configurations which is sufficiently large to include the whole family of 
the metric configurations g^u + ^Kdiiu, as required by (b), we adopt the following asymptotic 
form of the metric: 

/ Ox 2 O 

g f i» = g^ + G»u, G ia ,= \ 2 3 Ox |. (3.1) 

V Oo Ox 0_x 

Comparing this result with [TT], we find a complete agreement. 
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To simplify further discussion, we will use the notation := 0(r_ = r + = 0) for the 
leading-order term of any dynamical variable 0, which is a natural extension of the notation 
used for the metric. 

Although metric is not a dynamical variable in our first order formalism, its asymptotic 
form can be used to "derive" asymptotic behaviour of the triad field. Indeed, by combining 
(I2.5aj) and (13. ip . we are led to adopt the following asymptotic form of the triad field: 

/ 01 2 2 \ 

b\ = b\ + B\, B\:=\ 2 2 0i I . (3.2a) 
Similarly, we combine (13.2aj) with f!2.5bj) to find 



01 


02 


02 


02 


02 


01 


01 


02 


00 


01 


02 


00 


02 


02 


01 


01 


02 


00 



uj\ = u\ + n\, n\ :=[ 2 2 0! | . (3.2b) 
Finally, by combining (I3.2a|) with (I2.5cl) . we obtain: 

X\ = \\ + A\, A\:= I 2 2 0i I . (3.2c) 



01 


02 





02 


02 





01 


02 






One should note that the asymptotic conditions are not uniquely determined by the 
requirements (a) and (b). In the above procedure, we were looking for the most general 
asymptotic behaviour compatible with (a) and (b), with arbitrary higher-order terms. Later, 
when we consider the condition (c), certain relations among the higher-order terms will be 
established (in Appendix C). 

By construction, the adopted asymptotic conditions are invariant under the action of 
the isometry group U(l) x SL(2, R) of the spacelike warped AdS3. Now, we wish to clarify 
the symmetry structure of the field configurations (I3.2p . 

3.2 Asymptotic parameters 

Having chosen the asymptotic conditions (13.21) . we are now going to find the subset of 
gauge transformations (12. 2p that leave these conditions invariant. More precisely, acting on 
the fields (13.21) . these restricted (or asymptotic) gauge transformations are, by definition, 
allowed to change only the (arbitrary) higher-order terms. Consequently, the restricted 
gauge parameters are defined by the relations 

-e'jfc&^fl* - m P W P - ed P b\ = 6 B\ , 

-e^AV* - (d»e)X P ~ Z p d P \\ = S A\ . 
By solving these equations, we find the asymptotic parameters for local translations, 

£° = £T(y?) + 2 , e = ~rd 2 S( V ) + O , 

e = S( V ) + 2} (3.3a) 
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and for local Lorentz rotations: 



2£ 

V / 3(z/ 2 +^)(z/ 2 - l)r" 



Ax 



3 r — 1 r 



U,/ 1 -5gS , (^)+0 2 . (3.3b) 



2 + 3)v/3(z/ 2 -l)r 



These parameters define the symmetry of the (asymptotic) boundary of spacetime, in the 
spacelike stretched AdS sector of TMGa- 



3.3 Asymptotic symmetry 

To find the interpretation of the asymptotic parameters, we calculate the commutator alge- 
bra of the corresponding gauge transformations. To begin with, we observe that commuta- 
tor algebra of the local Poincare transformations (12.21) is closed: [#o(l), ^o(2)] = S [3], where 
<5 (1) := ^o(£i\^i) e * c ' wri ile the composition rule is given by: 

Substituting here the asymptotic parameters (13.31) and comparing the lowest order terms, 
we obtain: 

T 3 = Sid 2 T 2 — S 2 d 2 Ti , 

S3 = SidzSz - S 2 d 2 S 1 . (3.4) 

To clarify the meaning of this result, it is useful to define the residual or pure gauge trans- 
formations as the transformations generated by the higher order terms in (13.31) . Pure gauge 
transformations are known to be irrelevant in the canonical analysis of the asymptotic struc- 
ture of spacetime |18j . This fact is made more precise by saying that the asymptotic sym- 
metry group is defined as the factor group of gauge transformations generated by (13.31) . with 
respect to the residual gauge transformations. In other words, the asymptotic symmetry is 
defined by the pair (T, S), ignoring all the residual, higher-order terms. 

Now, introducing the Fourier expansion of the parameters and the related notation 

k n :=6 (T = e m *,S = 0), 
4 :=5 (T = 0,S = e m n, 

the commutator algebra of the asymptotic transformations takes the form the semi-direct 
sum of u(1)km and the Virasoro algebra, 

0, 

(3.5) 
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The same algebra was also found in [TD1 [TT] . Central charges are here absent, but they will 
appear in the canonical analysis. 

The adopted asymptotic conditions (13. 2p are chosen in agreement with the requirements 
(a) and (b), formulated at the beginning of this section, and the related symmetry struc- 
ture is encoded in the form of the asymptotic gauge parameters (13. 3p . The status of the 
requirement (c) will be clarified in the canonical analysis of the next section. 



4 Canonical realization of the asymptotic symmetry 

Asymptotic symmetry of a gauge theory is most clearly understood in the framework of 
the canonical formalism. In this section, we apply the results obtained in [12] to study 
the canonical aspects of the asymptotic structure of TMGa in the spacelike stretched AdS 
sector. 

Using the Castellani algorithm [19], we found the following expression for the canonical 
gauge generator [12]: 

G = —G\ — G*2 1 

G x = e^p^ + A'^ + ^n, ) 

+C [VpHi + \\% + + (d p bi)Ki° + (d p \ l ) Pi ° + (<Wo)IT ] , 

G 2 = m + e ! ^-^(6V M + AV + w J n M )]. (4.1) 

Here, the integration symbol J d 3 x is omitted for simplicity, the canonical momenta corre- 
sponding to (b 1 ^, \\), are denoted as (tt^, IV^p/*), and explicit expressions for various 
terms appearing in G are given in Appendix D. The action of the gauge generator G on the 
fields, defined by <5 O = {0, G}, has the form (12. 2|) . 



4.1 Surface terms 



Since canonical generators act on dynamical variables via the Poisson bracket (PB) oper- 
ation, they must have well-defined functional derivatives. When this is not the case, the 
problem can be usually solved by adding suitable surface terms [20|. 
We start by examining the variation of the Lorentz generator G 2 '- 

5G 2 = O^Ki + dd + R 

= -2ae 0a ^d a (fl'flyg + V 1 ^) + dO + R 
= dd + R. 

Here, O are terms with arbitrarily fast asymptotic decrease, R are regular terms which do 
not contain variations of the derivatives of fields, and the final result is a consequence of 
the asymptotic conditions (13. 2\ . Since both 0\ and R terms do not contribute to surface 
integrals, it follows that G 2 is a well-defined generator. 
For Gi, we have: 

SGt = £ p {VpSHi + u'pdTCi + X l p 5%) +0O + R 



_0o 



H p X P bhi3 + i p ^ P i2a6b ifi + 2a f i- 1 5u. 



i/3) 



+ dO + R. 
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Using the adopted asymptotic conditions, we find: 

SGi = -d a ^°5S a + £ 2 5M a ) + 1 + R 
= -5d a ^ £ a + ^ 2 M a ) + O 1 + R, 



where 



M a 



Oa/3 



b°o ( f <A + X% 



b 2 I % 2 + A 2 



a (2v 2 + 3) 



— £ 



0a(3 



3 " U 

.2 , ,2 , ,0 , ,0 



b 2 p 



b 2 (2oo; /3 + A p) + —(u 2 u p-u 2 u p 



(4.2) 



Then, after re-introducing the spatial integration, the improved generator takes the form 

G = G + T, 



T := - 



2- 



d<p (ITS 1 + SM 1 ) 



(4.3) 



4.2 Energy and angular momentum 

The general relation ( 14.31) implies: 

For £° = 1 and £ 2 = 1, the values of the surface terms have the meaning of energy and 
angular momentum of the system, respectively: 



E 



P'2ty /*27r 

/ d<p£\ M= dipM 1 . 
Jo Jo 



(4.4) 



Let us show that these expressions are finite. Using the adopted asymptotic conditions, 
one can express S 1 and Ai l as functions of the sub-leading terms (B t /1 , Q t ll , A 1 ^): 

3 



M 1 



4a 


/ v 2 - 


f 3 


TV 

1 


3{v 2 
8az/ 


-1) 




-1) 


—a 








/3(^ 


-i) 


2 



2v 2 + 3 B 2 



- n 2 2 - 



3 



+ o 1 



1 



--A 2 2 +— (ft 2 2 -fi u 2 )(fi 2 2 + fi u 2 ) 
a / 3z/ 

£f 4 
z/£ ' 3 



a 



3u 



r + O l 



Since the sub-leading terms are either constant or tend to zero in the asymptotic region, it 
follows immediately that S 1 = Oq, and consequently, the expression for E in (14.41) is finite. 
In order to prove the finiteness of the angular momentum, we need the improved asymptotic 
relation ( 1C.3|) . derived in Appendix C. It implies M 1 = Oq, which completes the proof of 
finiteness. 
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Now, we can calculate energy and angular momentum of the spacelike stretched black 
hole (I2^jl : 

[v 2 + 3) 

r + -|- — 

V 



E 
M 



24G£ 
v 2 + 3 
38AG£u 
v{y 2 + 3) 
96G£ 



+ r_ — — A/r + r_(3 + z/ 2 ) 



(z/ 2 + 3)(r+ + r_) + 8(r + + r_)v\/r+r_{3 + z/ 2 ) - 2r + r_(llz/ 2 + 9) 



r + + r_ A/r + r_(3 + z/ 2 ) 



5z/ 2 



4z/ 2 



(4.5) 



The result coincides with the ADT charges that can be found in [7] (see also p21 I2"T]). 

Returning now to the beginning of this section, where we introduced the concept of the 
warped AdS asymptotics, we see that our asymptotic conditions (13.21) are also in agreement 
with the last requirement (c). 



4.3 Canonical algebra 

Now, we wish to find the PB algebra of the improved canonical generators. 

After introducing the notation (5(1) := G[Ti,Si], G(2) := G[T 2 ,S 2 ], we use the main 
theorem of [22] to conclude that the PB {G(2), G(l)} of two differentiable generators is also 
a differentiable generator. This implies 



{G(2),G(1)} =G(3) + C (3 ), (4.6a) 



where the parameters of G(3) are defined by the composition rule (13.41) . while CW) is an 
unknown field-independent functional, C( 3 ) := C^[Ti, Si,T 2 , S 2 ], the central term of the 
canonical algebra. The form of Crg\ can be found using the relation 

*o(i)r(2)«r(3) + c (3 ), 

which is a consequence of {G(2),G(1)} ~ 5o(l)T(2). The expression 5 (l)r(2) is calculated 
using the transformation laws 

= SdiS 1 - (d 2 S)S 1 - 2a[v l ± 3) d 2 T , 

3z/ 

5 M l = -2{d>S)M x - Sd 2 M' - (£d 2 T)S x - 2 f % %S . 

3v[y A + 3) 

Once we know 5o(l)r(2), we can identify the central term: 

20^+3) [** 2<5z/ 2 + 3) /^ 3 

C (3) = o / dipT 2 d 2 T 1 + / dipS 2 o 2 S 1 . 4.6b 

3z/ Jo 3z/(z/ 2 + 3) J 

The form of the canonical algebra (14.61) implies that the improved generator is conserved. 
Indeed, using the relation G[1,0] = —£H T and the composition rule (13.4)) . we have: 

= § i G-- i {G[T,S],G[l,0]}^^-T[T,S]=0, 
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since the parameters T and S are time independent. Consequently, we have the conservation 
of the surface term T, and hence, the conservation of the energy and the angular momentum. 
After expressing the canonical generator in terms of the Fourier modes, 

K n := G(T = e" m¥ \ 5 = 0), L n := G(T = 0, S = e~ in<p ) , 

the canonical algebra (14. 6 P takes a more familiar form: 

'{^"rni L n ] TflK m -\-n , 

i{L m , L n } = (m - n)L m+n + ^m 3 5 m _ n , (4.7a) 

where 



°k = n , c v = ± J . 4.7b 

Gv Gv[y l + 3) 

Thus, the canonical realization of the asymptotic symmetry is given as the semi-direct sum 
of m(1)km and the Virasoro algebra, with central charges ck and cy. 

The authors of (TUJ, |TT| used different methods in their study of the boundary conditions 
of the warped AdS sector of TMGa. By comparing our canonical result (14.71) with equation 
(25) in [TTJ, one finds essentially a complete agreement, up to some differences in conventions, 
stemming from different normalizations of K^s and a shift in the value of Kq. 

5 Sugawara construction 

Clearly, the asymptotic algebra (14 .7\i does not describe the conformal symmetry, as conjec- 
tured in [7]. However, there is a particular construction due to Sugawara [H], which reveals 
how the conformal algebra can be reconstructed on the basis of (14. 7p . In this procedure, the 
presence of central charges is of essential importance. 
In the first step, we introduce the set of generators 

6 . 

L n := K r K n _ r , (5.1a) 

which obey the following PB relations: 

i\K m , L n } = mK m+n , 
i\L m , Ln] = (m — n)L m+n , 
i{L m , L n } = (m — n)L m+n . 

Next, we introduce 

L~ := L n - L n , (5.1b) 
whereupon (14 .7ft takes the form of a direct sum of m(1)km and the Virasoro algebra: 

i{K m ,L-} = 0, 



c 



i{ L m, L n } = ( m - n ) L m+n + * 
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where c := cy. Finally, we define 



-L_ n — inaK_ 



(5.1c) 



where a is an arbitrary constant. The PB algebra between takes the well-known form: 

c + 

i{ L L L t) = (m - n)L+ +n + — m 3 5 m ^ n , 



i{Ll,L7 n } = 0. 



i{L m , L~} = {m- n)L~ +n + ^r?b ri 



(5.2) 



where c + := c^a 2 . This result reveals the conformal structure hidden in (14.71) . 

Clearly, the value of a in c + has to be fixed by some additional requirements. Before 
going to that, we display here the values of in terms of the canonical energy and angular 
momentum for the spacelike warped black hole: 



6GW 
^~+3 



E 2 



L+ -M 



(y 2 + 3)i/ 
96G£ 



r_ a/ r + r_ (3 + z/ 2 



v 



3MvGi 



r i — r_ 



(5.3) 



These results are in complete agreement with those found in [TJ. 

In order to find out the value of a, one can use our central charges c T to calculate the 
black hole entropy via Cardy's formula: 



A direct calculation leads to 

y + 3) 



S r = 2na- 



2AG 



r + + r_ a/ r + r_(3 + v 2 



I ^ 2 + 3) 



(5.4) 



On the other hand, the gravitational black hole entropy of TMGa has the form [T7J [TJ: 

71 



2AvG 



(9z/ 2 + 3)r + - [y 2 + 3)r_ - 4z/ v / r+r_(z/ 2 + 3) 



Comparing and SU, one finds that 5 C = SL for 



2i/ 



2i 



a 



v 2 + 3 Gc K 



(5.5) 



(5.6) 



Consequently, the values of the central charges in the Virasoro algebras (15. 2ft are the same 
as those conjectured in [TJ: 



(5z/ 2 + 3)1 
Gv{v 2 + 3) 



4u£ 



G(v 2 + 3) 



(5.7) 



In conclusion, our main result is expressed by the formulas (15 ,2p and (15.71) . and it confirms 
the hypothesis formulated heuristically in [7], at least at the classical level. 
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6 Concluding remarks 



In this paper, we analyzed asymptotic structure of TMGa in the spacelike stretched AdS 
sector. 

(1) We introduced spacelike stretched AdS asymptotic conditions and found the form 
of the corresponding asymptotic parameters. The commutator algebra of the asymptotic 
transformations is the semi-direct sum of m(1)km with the Virasoro algebra, without central 
charges, which is a natural generalization of the vacuum isometry algebra u(l) © sl(2,R). 
Asymptotic conditions for the metric recently proposed in [11] coincide with ours. 

(2) With the adopted asymptotic conditions, we constructed the improved canonical 
generators and found the expressions for the conserved charges. In particular, we calculated 
the energy and angular momentum of the spacelike stretched black hole. We showed that 
canonical algebra of the improved generators takes the form of the semi-direct product of 
m(1)km and the Virasoro algebra, with two central charges. Our algebra has essentially the 
same form as the one found in [TUl |TT] by different methods. 

(3) In the last step, we used the Sugawara construction in the m(1)km sector to show that 
the asymptotic dynamics of TMGa can be described by the conformal symmetry, realized 
by two independent Virasoro algebras with different central charges. This result proves that 
the hypothesis formulated in [7J is correct, at least at the classical level. 
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A Spacelike stretched AdS3 

Here, we describe some basic properties of spacelike warped AdS3 solutions [HI [7J . 

Maximally symmetric solution of GRa for A < 0, the anti-de Sitter space AdS3, is also a 
solution of TMGa- If can be represented as a hypersphere embedded in a four-dimensional 
flat space M 4 with the metric r] = (+,+,—,—). By construction, the isometry group of 
AdS3 is 5*0(2,2) ~ SL(2,R) x SL(2,R), and we denote the corresponding Killing vectors 
by (£(o)j £(i)j £(2)) an d (£(o)j £(i)j £(2))j respectively. After introducing a convenient set of 
coordinates (r, u, a), analogous to the Euler angles for the 3-sphere, the metric of AdS3 can 
be written in the form 

I 2 

ds 2 = — [cosh a 2 dr 2 — da 2 — (du + sinh crdr) 2 ] , 

where {r, u, a} are in the range (— oo, +oo). 

The metric of the spacelike warped AdS3 is given by: 



ds 2 



z/ 2 + 3 



cosh a dr —da — 



4z/ 2 
z/ 2 + 3 



(du + sinh adr)' 



(A.1) 
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where w := 4i/ 2 /(z/ 2 + 3) is the warp factor. The isometry group of ( 1A.1I) is generated by 
four Killing vectors, 

£(2) = 2<9 U , 

£(i) = 2 sin r tanh ad T — 2 cos rd a H — — d u , 

cosh a 



£(2) = 

£(o) = 2d T 



2 cos r tanh ad T — 2 sin rd a r—d„ 



cosher 



(A.2) 



which satisfy the commutator algebra u(l) x sl(2,R). For v 2 > 1, we have w > 1, and the 
metric flA.lj) describes the spacelike stretched AdS3. 

One can show that the spacelike stretched AdS3 is locally isometric to the black hole 
(12 .4p . by using the following change of coordinates: 



t = arctan 
< 2 -3 



2 \/ (r — r + )(r — r_) sinh < 
2r — r i — r_ 



4z/ 

a = asinh 



2t + I (v{r + + r_) - v / r+ r_(z/ 2 + 3)) 
2 \/{r — r + )(r — r_) cosh ( 



fatanh 



r_ — 2r 



r _ r _ 



r + — r_ 



coth . 
(A.3) 



where 



(3 + z/ 2 )(r + - r_) 
4£ 



and (t, r, <£>) are the usual Schwarzschild-like coordinates. Note that the black hole (12.41) is 
obtained from the spacelike stretched AdS3 by the identification (p ~ <p + 2n. Expressed in 
terms of the new coordinates, the Killing vectors flA.2j) take the form: 



£(2) 



4z/ 2 



z/ 2 + 3 



-id, 



t ■ 



n Jr + rJv 2 + 3)(r + + r_ - 2r) + 2z/ [r(r + + r_) - 2r + r_] . . ,„„ 

-2— ' 1 sinh 0£<y t , 

(3 + u 2 ){r + — t_)a/ (r — r + )(r — r_) 



—2 >/(r~^V^j(r~^r^) cosh 0<9 r + 



4£(2r — r + — r. 



£(2) 
£(0) 



1 V / r + r_(z/ 2 + 3) - i/(r+ + r_) 



(3 + z/ 2 )(r + — r_)A/(?^-r+)(r^7r) 

<9 ( 



sinh ( 



(3 + z/ 2 )(r+ -r_) ~" (3 + z/ 2 )(r+ - rJf 
y / r + r_(i/ 2 + 3)(r + + r_ — 2r) + 2z/ [r(r + + r_) — 2r + r_] 
(3 + z/ 2 )(r + — T-)yJ (r — r + )(r — r_) 

4£(r+ + r_ - 2r) 



(A.4) 



cosh 0£<9 ( 



- 2 y(r — r + )(r — r_) sinh 



(3 + z/ 2 ) (r + — r_) T>/(r~^V^j(r~^~rJj 



cosh 0<9^ . 



After the identification (p ~ <£> + 27r, only £( 2 ) an d £(2) remain the Killing vectors of the black 
hole ([22]). 
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The asymptotic form of an d £(2) is quite simple, while for £(1) and £(0) we have: 

v(r + + r_) — a/ (V 2 + 3)r + r_ 



fa 



f(o) 



(3 + z/ 2 )(r + — r_) 
-(2cosh0r + O o )9 r + 



sinh + O2 



-4 



(3 + ^ 2 )(r + — r_) 
(r+ + r_) - a/ + 3)r + r_ 



sinh + C 2 



9 



(3 + z/ 2 )(r + — r_) 



cosh + Ci 



-(2r sinh0 + O )9 r + 



8£ cosh 1 



+ 2 



t , 



0^ . 



_(3 + z/ 2 )(r+-r_) 

These expressions are needed for our discussion of the asymptotic conditions in section 3. 



B The curvature, Ricci and Cotton tensors 

In this appendix, we present some technical details related to the form of the spacelike 
warped black hole solution in the first order formalism. 

Using the connection ( I2.5bl) . we find that the curvature Ri is given by 



#0 = (J?B + 2^7) b% 1 - (<y'B + 7 2 + (3 2 ) tfb 2 , 
R x = -(cry + (3 2 )b 2 b° , 

R 2 = - (a'B + a 2 - 3/3 2 ) b% 1 - (/3'B + 2/3 7 ) &V 



or equivalently: 



R 

Ri 
R2 



3 ' ' 2 l)NKN^b% 1 -] 2 -{v 2 + 3(z/ 2 - l)iV 2 ) b l b 2 



~b 2 b° 



JL (3 _ 2v 2 - 3(u 2 - 1)N 2 ) &V + hv 2 - l)NKN^b 2 



Then, the components of the Ricci tensor (Ric) 
(Ric) 00 = a'B + a 2 + cry - 2/? 2 , 



—e M m Rkin are found to be: 



(Ric 



01 







(Ric) u = -a'B - j'B - a 2 - j 2 + 2(3 2 , (Ric) 12 = , 
(Ric) 22 = -j'B - 7 2 - cry - 2(3 2 , (Ric) 20 = -{(3'B + 2(3j) , 



or equivalently: 



{Ric) 
{Ric) 



00 



11 



(3 - v 2 - 3(z/ 2 - l)iV 2 ) , (Ric) 



01 



4(3 -- 2 



(Ric) 



12 ~~ w ' 







(Rtc) 22 = -~ (2v 2 + 3(v 2 - 1)N 2 ) , (Ric) 20 = J> 2 - l)NKN, 



(B.la) 



(B.lb) 



(B.2a) 



^B.2b) 
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Finally, the Cotton 2-form reads: 

Co = |> 2 - 1)NKN^ - |V - l)(3iV 2 - l)oV , 
C! = ^ 2 -l)b 2 b\ 

C 2 = -^V - 1)(2 + 3iV 2 )6V - - l)NKN^b 2 . (B.3) 



C Improved asymptotic conditions 

Our asymptotic conditions (13. 2p are chosen so that all higher-order terms are left completely 
arbitrary. However, this feature can be improved by noting that expressions that vanish on 
shell should have an arbitrarily fast asymptotic decrease. By applying this principle to the 
secondary constraints, we obtain the following relations between higher-order terms: 

d n°2 = Ox , d A° 2 = o x , 

d B 2 2 = O u d$l\ = O x , d A\ = O 1 , (C.l) 

and also 



\B\ + Cl\ + (JL B \ + n\) r* = 1} (C.2a) 



x/^^T3 V 2a 

+ 



vM±wEv (J iMl y=o u ( c, b) 



2£ 2a 



I 6i/ 2a 



.«3f^^K = 0, (C2e) 



2£ V 3 2a 

From (IC.2bjl and (fC3el) . we obtain 



^^ + ^ra(f^ + ^)^ , (C, f ) 
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By eliminating B \, Q 1 ! and A 1 \ from the remaining equations in ( 1C.2I) . one finds the 
relation 

- B B\ + + -A\ + ^p^Q° 2 = O x , (C.3) 

I 6 a 6v 

that ensures finiteness of the angular momentum. 

D Hamiltonian and constraints 

In this appendix, we present a brief overview of the canonical structure of TMGa [12J. 

Starting with the Lagrangian variables (b 1 ^,^ 1 ^, X\) and the corresponding canonical 
momenta (71^, IV,Pi'*), we find the following primary constraints: 

^ := « , fa* := n t a - « , 

:= n,° « , $. 4 Q := n, a - ae Qa/3 (2& i/3 + //"V/O « . 
Pi^wO. (D.l) 

The canonical Hamiltonian has the form (up to a 3-divergence) : 

7Y C = & l oWi + ofvfci + A l T l , 

Hi = — £ 0q/3 (aR ia/ 3 — AsijkV a b p + V a A i( a) , 

/Q = — e 0a ^ (aT iaf 3 + aji~ x Ri a p + £ij k V ' a X k p) , 

7" — _ic-0a/3^ 

After constructing the total Hamiltonian TCt, the consistency requirements on the pri- 
mary constraints produce the secondary constraints, 

Wi«0, /Q^O, 7J«0, (D.2) 

and yield the additional relations which determine the multipliers u l a ,v l a and w l a . The 
modified total Hamiltonian takes the form (up to a 3-divergence): 

K = b\Ui + + X\% + u'om + v'olli + w l oPi ° , 

Hi^Ui- Vpcj>i p - ^£ ijk X j ^ + e ijk (2AVp + (iX'p) p kf3 , 
iCi = /Q - e iik V rfW - - e ijk X^p kf3 , 

% = %- Ya^fP?* ' + IKijkV&P ■ 

The consistency conditions of the secondary constraints lead to three independent ter- 
tiary constraints, 

#0/3 := A 0/3 - A^o ~ 0, (D.3a) 
flctf^Actf-A/fawO, (D.3b) 

while the consistency of 9 a/3 yields a new, quartic constraint: 

* = 3/1 + fxX « . (D.4) 
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Further consistency requirements determine the multipliers w 1 q := w i o — M fc oAfc 4 , whereby 
the consistency procedure is completed. The final form of the total Hamiltonian reads: 



n T = Ht + uW + vW, (d.5) 
n T : = b\n l + u\ic l + \\% + w l ^ + w l mV m . 

where 7Tj 0/ := 7Tj° + X^p^ , and the multipliers with an overbar are determined. 
As far as the classification of constraints is concerned, we find that 7Tj 0/ , rL° and 

H i = H i + \ k % + V(V p A ifc )&V° , 

ti = - e ljk (X p k0 - V \ k nP n0 ) , (D.6) 

are first class, while all the others are second class. 

The canonical generator of gauge transformations has the form (14. ip . 
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